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We revisit the problem of the bulk-boundary unitarity clash in 2 + 1 dimensional gravity
theories, which has been an obstacle in providing a viable dual two-dimensional conformal
field theory for bulk gravity in anti-de Sitter (AdS) spacetime. Chiral gravity, which is a
particular limit of cosmological topologically massive gravity (TMG), suffers from pertur-
bative log-modes with negative energies inducing a non-unitary logarithmic boundary field
theory. We show here that any f(R) extension of TMG does not improve the situation. We
also study the perturbative modes in the metric formulation of minimal massive gravity-
originally constructed in a first-order formulation-and find that the massive mode has again
negative energy except in the chiral limit. We comment on this issue and also discuss a
possible solution to the problem of negative energy modes. In any of these theories, the
infinitesimal dangerous deformations might not be integrable to full solutions; this suggests
a linearization instability of AdS spacetime in the direction of the perturbative log-modes.
I. INTRODUCTION
Three dimensional gravity is a useful theoretical laboratory to test some ideas about quantum
gravity. One of the most promising ideas is the AdS/CFT duality (or more broadly holography)
which, in this context, would amount to finding a gravity theory in the three dimensional bulk
spacetime with a unitary, non-trivial boundary conformal field theory. But even in this simpler
setting of “flatland”, there are certain obstacles in realizing a toy model of quantum gravity.
For example, cosmological Einstein’s theory in 3D suffers from local triviality (that is, it has no
propagating degrees of freedom) even though it has a healthy boundary CFT with two copies of
the Virasoro algebra that have positive central charges. Since the ultimate purpose of studying
these theories is to possibly learn something about the four dimensional quantum gravity, which
(at least in the low energy limit) have local degrees of freedom, the local triviality of the theory
makes it rather irrelevant for this purpose.
On the other hand, 3D cosmological Einstein’s gravity has a globally non-trivial structure such
as the existence of the Banados, Teitelboim, Zanelli (BTZ) black hole [1]. Therefore, its quantum
version might still teach us a lot about the global aspects of quantum gravity. It is highly interesting
that both the existence of a 3D black hole and the existence of a boundary CFT require a negative
cosmological constant (that is the AdS space). For these reasons, a lot of work has been devoted
to extensions of cosmological Einstein’s theory in the bulk in such a way that the extended theory
has local degrees of freedom while it has the same boundary structure as Einstein’s gravity with
Λ < 0. However, this has not been an easy task. Let us summarize what is known along these
lines as there has been some recent exciting developments often followed by the realization of a
potential deficiency in the proposed extensions.
Among the extensions of the 3D Einstein’s theory, Topologically Massive Gravity [2] seems to
be the most natural one with a dynamical graviton. As this theory will play a major role in the
current work, let us summarize its established properties. Assuming the 3D Newton’s constant to
be positive, G > 0, and adopting the mostly positive signature for the metric, the theory has a
2third derivative, parity non-invariant action given as
I =
1
16πG
ˆ
d3x
√−g
[
σ
(
R− 2Λ
)
+
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)]
, (1)
where σ is dimensionless and µ has the dimension of mass, and the following properties hold:
1. TMG has a single massive spin-2 excitation (with +2 helicity for µ > 0) in the bulk with a
mass-squared given as
m2g = µ
2σ2 + Λ. (2)
In the Λ→ 0 limit, the single massive degree of freedom (DOF) remains intact, with a mass
mg = |µσ| and a positive kinetic energy as long as σ < 0, which is opposite to the Einstein’s
theory. Namely, if one introduces a Tµν to the right-hand side of the field equations, the
coupling between gravity and matter fields would be opposite to the four-dimensional case.
This is all well-known since the original work [2]. We should also note that in the σ → 0
limit, there is no propagating mode: so the pure Chern-Simons theory and pure gravity do
not have local DOF when considered on their own. Moreover, the pure Chern-Simons theory
cannot accommodate a cosmological constant Λ as the field equation would be inconsistent
since the Cotton tensor vanishes for AdS3 or any other conformally flat metric.
2. Brown-Henneaux boundary conditions for the asymptotically AdS3 spacetime lead to two
copies of Virasoro algebra with the left and right central charges given as
cL,R =
3ℓ
2G
(
σ ∓ 1
µℓ
)
, Λ ≡ − 1
ℓ2
, (3)
where L,R refer to left and right. In the µ → ∞ limit, these reduce to the ones given in
[3] for pure cosmological Einstein’s theory with the choice σ = 1. It was shown in [4] that
the positivity of the energy of bulk excitations with Brown-Henneaux boundary conditions
requires the theory to be in the so-called chiral limit, where σ2µ2 = 1ℓ2 . However, a closer
investigation performed in [5] showed that the theory in the chiral limit allows the so called
log-modes as solutions which have finite but negative energy, albeit with weaker boundary
conditions.
We will now elaborate on this issue since it plays a central role in this work. The linearized
fluctuations hµν ≡ gµν−g¯µν around the AdS background metric (R¯µν = 2Λg¯µν) satisfy the following
linearized field equations
σ GLµν +
1
µ
CLµν = 0, (4)
where the linearized cosmological Einstein tensor, Cotton tensor and the scalar curvature are
GLµν = RLµν −
1
2
g¯µνR
L − 2Λhµν , CLµν =
1
2
ηµ
αβ∇¯αGLνβ + (µ↔ ν) ,
RL = −¯h+ ∇¯µ∇¯νhµν − 2Λh.
(5)
The trace of the linearized field equations (4) demand that RL = 0 and one can choose the
transverse-traceless gauge (∇¯µhµν = 0 and h = 0) which is compatible with the trace equation.
This choice leads to a rather remarkable simplification of the field equation: it splits into three
factors as [4] (
DLDRDmgh
)
µν
= 0, (6)
3with the three first order operators defined as
(DL/R)µ ν ≡ δνµ ± ℓ ηµ αν∇¯α, (Dmg )µ ν ≡ δνµ +
1
µσ
ηµ
αν∇¯α.
These operators are mutually commuting save at two degeneration points σ2µ2 = 1ℓ2 (which we
shall discuss separately below, as they turn out to be the only relevant points in the theory). Away
from the degeneration points, the cubic derivative field equations split into three individual first
derivative equations
(DLhL)µν = 0, (DRhR)µν = 0, (Dmghmg )µν = 0, (7)
with the most general solution to (4) given as a sum of all possible solutions to these equations hµν =
hLµν + h
R
µν + h
mg
µν consistent with the boundary conditions, which arise from physical requirements
such as the finiteness of the energy and the well-posedness of the variational problem. Hence, one
must compute the energies of the excitations and, for this purpose, one needs the O(h2) action
yielding (6) upon variation. This can be easily found to be
I =
σ
64πGΛ
ˆ
d3x
√−g¯hµν(DLDRDmgh)
µν
. (8)
Using the Ostragradsky method, one finds the energies of these excitations for the left-right modes
as
EL/R = −
cL/R
48πℓ
ˆ
d2x
√−g¯ ∇¯0hµνL/R ∂thL/Rµν , (9)
while for the massive mode, the energy reads
Emg =
m2g
64πµG
ˆ
d2x
√−g¯ ηα 0µhανmg ∂thmgµν . (10)
One must compute these integrals for all the normalizable and viable (in the sense discussed above)
solutions of the theory. So this is really a non-trivial task but it was elegantly done in [4] where the
solutions were obtained from the fact that they furnish a representation of the AdS3 algebra that
is SL(2, R) × SL(2, R). Primary states are found as usual and their descendants are computed.
To summarize, we know all the solutions of the theory and, for these solutions, the integrands
above are negative. Therefore, to make the energies positive one must have positive or vanishing
central charges and set the mass of the bulk excitation to zero, i.e mg = 0. The latter gives the
constraint σ2µ2 = 1
ℓ2
. Choosing µ > 0 without loss of generality, this leads to cL = 0 and cR =
3
µG .
For the massive mode to be non-tachyonic, it has to satisfy the Breitenlohner-Frieedman (BF)
bound [6] m2g ≥ − 1ℓ2 , which it does.
An additional constraint arises from the energy of the BTZ black hole. Being locally an Einstein
manifold, the BTZ solution of any kind (rotating or non-rotating) solves the TMG equation without
a change in the metric. Considering the non-rotating case for which the Chern-Simons term does
not contribute to the energy [7], one obtains EBTZ =Mσ up to a positive multiplicative constant
which we take it to be one. Therefore, it seems that choosing σ > 0 ostensibly makes the theory
bulk and boundary unitary with only a right moving CFT with one copy of Virasoro algebra on
the boundary. This is the chiral gravity proposed in [4].
However, to satisfy all the bulk and boundary unitarity constraints together, we have to consider
exactly the, up to now deterred, degenerate limit for which the massive-mode operator Dmg becomes
the same as the left-moving mode operator DL or the right-moving mode operator DR, rendering
the theory irreducibly higher derivative. This means that we have not done what we promised to
4do: take all the viable solutions of the linearized theory. Namely, now we have additional solutions
which are not covered by our earlier “generic” solution. Considering µσ = 1ℓ , these solutions do
not satisfy (DLh)µν = 0, but satisfy the quadratic equation (DLDLh)µν = 0. When these solutions
are explicitly constructed, one observes that they are of the so-called log-mode form [5] and do
not obey the Brown-Henneaux boundary conditions. Notwithstanding, these solutions still satisfy
the requirement that spacetime is asymptotically AdS3 with a weaker decaying behavior and a
linearly-growing time profile. Moreover, they have a well-posed variational formulation as shown
in [5] and a finite boundary stress tensor. These solutions have finite, yet negative energy and
hence they cannot be eliminated without further constraints. They are the ghosts of the chiral
gravity, which seem to ruin the possibility of defining a quantum version of the bulk theory.
We now explain how the chiral theory might escape these potentially problematic perturbative
log-modes. It is true that these modes survive and ruin the theory in this naive perturbative setting,
but one has to be careful when applying perturbative techniques in a non-linear theory such as
the one studied here. For the perturbation theory to make sense in such a set-up, the perturbative
solution should be integrable to a full solution. Namely, in the theory, there must exist a solution
metric gµν(s), with s being a deformation parameter, for which we have gµν(0) = g¯µν where the
latter is the AdS metric. An infinitesimal deformation of this background is given as
hµν ≡ d
ds
gµν(s)
∣∣∣∣
s=0
. (11)
If the infinitesimal deformation hµν (obtained as a solution to the linearized field equations) does
not satisfy this property, even if it solves the linearized equation, it cannot be integrable to a
full solution, i.e. there does not exist an exact solution gµν(s) whose linearized version yields hµν
about the point g¯µν . This implies that the background metric has a linearization instability [8]
and hence perturbation theory about that background is inconsistent at this order. It is known
that in such a case higher order terms in the perturbative expansion bring in constraints on the
linear order solution. More properly, at the second order the "Taub charges" (an integral whose
integrand is quadratic in the first order solution) must vanish. The linearization instability appears
in various contexts in gravity. For example, for compact Cauchy hypersurfaces, one has linearization
instability in pure General Relativity [9]. As another example, the spacetime effectively has compact
Cauchy hypersurfaces for theories with pure higher curvature terms which require stronger decaying
conditions [10]. As a solution to the problem of log-modes in chiral TMG, it was proposed in [11, 12]
that the log-modes could also be eliminated as there is a linearization instability in chiral TMG.
In other words, there are constraints on the linearized solutions coming at the second order.
There have been other proposals for a viable theory in 3D. New Massive Gravity (NMG) [13]
is one such example: instead of the Chern-Simons term, one augments the cosmological Einstein
theory with the judiciously chosen quadratic combination K = R2µν − 38R2 and the resulting theory
has a massive spin-2 excitation with both of the helicities present. However, also this theory is
either bulk or boundary unitary but not both. In fact, it was shown in [14] that no extension
of Einstein’s gravity in 3D that has the same particle content as NMG can be free of the bulk-
boundary unitarity conflict. For example, cubic, quartic, and higher order extensions of NMG that
are consistent with the bulk AdS/CFT constraints, such as the existence of a c-function, turned
out to be non-unitary on the boundary [15, 16]. Infinite order extension of NMG in the form of
a Born-Infeld gravity also fails to be unitary on the boundary [17, 18], even though it has all the
nice bulk properties and the highly desired property of having a unique vacuum a property that
neither MMG nor its finite order extensions have. For further work on these theories see [19, 20].
After all these vigorous attempts, one might wonder if a 3D gravity that is amenable to holog-
raphy or AdS/CFT arguments exists . Minimal Massive Gravity (MMG) was proposed as such
a theory in [21], where it is obtained from an action in the first-order formulation with auxiliary
51-form fields. However, it is still possible to write down its field equations with the metric being the
only dynamical field, where the TMG’s field equations are modified with a part of the field equa-
tions coming from the purely quadratic K-gravity [22] whose Lagrangian is noted above. Namely,
consider the quadratic curvature invariant K, its variation leads to the tensor Kµν = Jµν +Hµν ,
with Jµν and Hµν given as [23]
Jµν ≡ 1
2
ηµρσηναβSραSσβ , H
µν ≡ 1
2
ηµαβ∇αCνβ +
1
2
ηναβ∇αCµβ . (12)
If the field equations of TMG are extended with Jµν , the particle content remains intact. On
the other hand, if the field equations of TMG are extended with Hµν , the particle spectrum
doubles: the theory has a massive spin-2 excitation with two helicities that have different masses
and an ostensibly improved boundary behavior [23]. These two latter theories do not come from
covariant actions where the metric field is the only dynamical variable. The consistency of the
field equations as classical equations are satisfied with the help of on-shell Bianchi identities. Both
theories were claimed to have an improved boundary behavior. However, we will investigate the
metric perturbations for the case of MMG and show that one must go to the chiral limit of the
theory for the positivity of the energy of the massive mode. Unfortunately, exactly at that point,
the log-modes arise as perturbative solutions, which seem to ruin the unitarity again.
We will also show that there are other log-modes which are exact solutions of all these theories
(TMG, NMG, MMG) considered here. These log-modes appear exactly at the chiral point, but
they are of the wave-type coming with an arbitrary function. Additionally, they are constructed in
the Poincaré patch as opposed to the global coordinates, where the perturbative log-mode becomes
manifest. Since the solutions include an arbitrary function and a modified boundary behavior, they
do not pose any threat to the theory.
At this moment, it is clear that one of the potential candidates of a viable unitary theory is
the chiral gravity granted that the linearization instability removes the ghost modes. Still, the
question that needs to be addressed is: can one deform/extend TMG in such a way the chiral
limit is avoided and the log-modes with negative energy disappear? Even if the answer is no, the
linearization instability might occur in any of these theories since they differ at the non-linear
level. To answer this question, we extend TMG with f(R)-type terms. We will see that, in these
theories, one still must go to the chiral gravity limit and hence the perturbative log-modes are still
dangerous. As mentioned earlier, we will also show that, contrary to earlier claims, MMG does not
seem to provide any improvement as long as the energy of bulk excitations are concerned and the
theory should be considered only in the chiral limit.
II. TOPOLOGICALLY EXTENDED f(R) GRAVITY
We shall study a generic f(R) extension of TMG but, as it will serve as the basis for the generic
theory, first let us work with the quadratic extension defined by the action
I =
1
16πG
ˆ
d3x
√−g
[
σ
(
R− 2Λ0
)
+ αR2 +
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)]
, (13)
whose source-free field equations read
σ
(
Rµν − 1
2
gµνR+ Λ0gµν
)
+ 2αR
(
Rµν − 1
4
gµνR
)
+ 2α
(
gµν−∇µ∇ν
)
R+
1
µ
Cµν = 0. (14)
The theory has two maximally symmetric vacua with the effective cosmological constants given as
Λ± =
σ
12α
(
1±
√
1− 24αΛ0
σ
)
, (15)
6as long as 1 − 24αΛ0σ ≥ 0; when the bound is saturated the two vacua merge. In the limit α → 0,
the vacuum with Λ+ disappears and one recovers TMG. Linearization of the field equations about
one of these vacua yields
σ˜ GLµν + 2α
(
g¯µν¯− ∇¯µ∇¯ν + 2Λg¯µν
)
RL +
1
µ
CLµν = 0, (16)
where σ˜ = σ + 12Λα. To work out the particle content of the theory, let us take the trace of the
linearized field equations which yields a massive scalar equation
(
¯−m2s
)
RL = 0, m2s =
σ˜
8α
− 3Λ. (17)
This mode decouples as the theory reduces to the TMG. Another point to note is that, unlike
the TMG case, one cannot choose a gauge which makes the gauge-invariant dynamical quantity
RL vanish. The transverse-traceless gauge that we employed above for TMG, which significantly
simplified the computations, is not consistent in this theory. To decouple the massive spin-0
graviton and the massive spin-2 graviton, let us employ the methods used in [24]. The O(h2)
action yielding the linearized field equations (16) is
IO(h2) = −
1
32πG
ˆ
d3x
√−g¯(σ˜hµνGLµν − 2αR2L + 1µhµνCLµν
)
, (18)
which can be recast with the help of an auxiliary field ϕ as
I(h, ϕ) = − 1
32πG
ˆ
d3x
√−g¯(σ˜hµνGLµν − 4αϕRL + 2αϕ2 + 1µhµνCLµν
)
. (19)
To decouple the ϕ field from the spin-2 field, let us make the redefinition hµν ≡ fµν − 4ασ˜ g¯µνϕ,
which leaves the Cotton part intact and reduces the action to
IO(h2) = −
1
32πG
ˆ
d3x
√−g¯(σ˜fµνGLµν(f)− 16α2σ˜ ϕ
(
¯+ 3Λ− σ˜
8α
)
ϕ+
1
µ
fµνCLµν(f)
)
, (20)
from which the mass of the scalar mode given in (17) follows. It is important to note that the
scalar field comes with the correct non-ghost kinetic energy for σ˜ > 0. In this case, one can bring
the Lagrangian of the scalar field to the canonical form by simply rescaling ϕ as ϕ˜ = 4α√
σ˜
ϕ. Once
the scalar field is decoupled, the rest of the action is just the TMG action with a modified Newton’s
constant (σ → σ˜), thus the mass of the single spin-2 mode is
m2g = µ
2(σ + 12Λα)2 + Λ. (21)
From the O(h2) action (20), it is possible to deduce that the theory has a ghost in the flat space
limit (Λ→ 0). In [25, 26], where hµν is decomposed into its irreducible parts in a gauge-invariant
way, it was shown that the massive spin-2 mode is a ghost if σ˜ > 0. On the other hand, if σ˜ < 0, the
massive spin-0 is a ghost. Therefore, there is no way to avoid the ghost mode in flat backgrounds.
As we will show, the problem is cured in the AdS backgrounds.
Before that, we first carry out this computation in another way, which yields a good insight of
how the full theory reduces to the scalar matter-coupled TMG. For this purpose, let us consider
the generic perturbation as
hµν = h
TT
µν + ∇¯(µVν) + ∇¯µ∇¯νφ+ g¯µνψ, (22)
7with ∇¯µhTTµν = 0, hTT ≡ g¯µνhTTµν = 0 and ∇¯µVµ = 0. This decomposition leads to
GLµν = −
1
2
(
¯− 2Λ
)
hTTµν +
1
2
(
g¯µν¯− ∇¯µ∇¯ν + 2Λg¯µν
)
ψ
RL = −2
(
¯+ 3Λ
)
ψ.
(23)
At this stage, one must note that there is a constraint on ψ as
(
¯+ 3Λ
)
ψ 6= 0, otherwise the
dynamical field is killed. The linearized Cotton tensor is susceptible only to the transverse-traceless
part and hence CLµν(hαβ) = C
L
µν(h
TT
αβ ). Then (16) becomes
− σ˜
2
(
¯− 2Λ
)
hTTµν −
1
2µ
ηµ
αβ∇¯α
(
¯− 2Λ
)
hTTβν = T
TT
µν , (24)
where the scalar mode appears as a source term with the traceless energy-momentum tensor
T TTµν = 4α
(
g¯µν
3
¯− ∇¯µ∇¯ν
)(
¯−m2s
)
ψ. (25)
In (24) the Cotton part does not look explicitly symmetric, but it is nevertheless symmetric as
can be easily checked. Since T TTµν vanishes on-shell, the massive spin-2 graviton equation reduces
exactly to the TMG form with a modified mass given before (21).
We can now summarize the effects of adding the αR2 term to the TMG action: the effective
cosmological constant changes, a massive spin-0 degree of freedom is introduced, and the mass of the
single massive spin-2 particle is modified non-trivially from that of TMG. All of these modifications
also affect the boundary theory. However, the analysis of the massive spin-2 mode reduces to the
pure TMG case with the identification (σ → σ˜), as it should be apparent from the O(h2) action
(20). With this information at hand, let us now restudy the bulk and boundary unitary. First of
all, we have the massive spin-2 particle which should obey the BF condition
m2g = µ
2
(
σ + 12Λα
)2
+ Λ ≥ Λ, (26)
which is automatically satisfied. Furthermore, expressions for the excitations’ energies (9-10) re-
main intact, but in the explicit solutions of the field equations, compared to the TMG case that
has the σµ combination, we now have the modified value σ˜µ. Hence, the conditions on the energy
of the excitations can be simply recast as
cL,R =
3ℓ
2G
(
σ − 12α
ℓ2
∓ 1
µℓ
)
≥ 0, µ2ℓ2
(
σ − 12α
ℓ2
)2
≤ 1, (27)
the latter coming from the energy of the massive spin-2 mode. Just like in TMG, these three
conditions are compatible only in the chiral gravity limit for which one has
µℓ
(
σ − 12α
ℓ2
)
= 1, (28)
which yields the vanishing of the bulk massive spin-2 and left-moving modes since cL = 0. We also
have a spin-0 mode, which must be a non-ghost and non-tachyonic; we thus require
m2s =
σ
8α
− 3Λ
2
≥ 0. (29)
8Since the BTZ black hole is locally AdS3, it also solves our theory defined by (14). The positivity
of its energy should also be imposed as a consistency condition
EBTZ =M
(
σ + 12Λα
)
> 0, (30)
where we again dropped an irrelevant (positive) multiplicative constant.
Finally, these conditions must be compatible with the existence of an AdS vacuum with the
value given as (15). One can show that there are regions in the {σ, µ,Λ0, α} parameter space that
satisfy all the constraints. A detailed analysis of the total parameter space is not necessary for our
purposes. Let us consider a specific example, choosing the + branch in (15) and setting σ = 1, one
finds
Λ0 = −2µ2, Λ = −4µ2, α = − 1
48µ2
, m2s = 0, (31)
in addition to m2g = 0, which is already the case in the chiral limit.
Just like TMG and MMG, R2 extension of TMG or any other f(R) extension, to be discussed
below, have two different kinds of log-modes at the chiral point. The exact wave-like log-mode looks
too complicated in the global AdS3 coordinates, hence we will depict it in the Poincaré patch in the
next section. The more dangerous perturbative log-mode can be written in the global coordinates
and its problematic properties were studied in [5].
Now, consider the generic f(R) gravity coupled to the Chern-Simons theory with the action
I =
1
16πG
ˆ
d3x
√−g
[
f(R) +
1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)]
, (32)
The vacuum and the mass content of this theory can be obtained from the so-called equivalent
quadratic action [27] defined by the Lagrangian density
fquad−equal = σ(R − 2Λ0) + αR2, (33)
where we did not include the Chern-Simons part, which can be added later. The parameters σ,
Λ0, and α can be found in terms of the function f(R) and its derivatives as
σ = fR(R¯)− 6ΛfRR(R¯), σΛ0 = −f(R¯)
2
+ 3ΛfR(R¯)− 9Λ2fRR(R¯), (34)
where fR(R¯) =
∂f
∂R |R¯ etc. Finally, the vacuum equation σ(Λ − Λ0) − 6αΛ2 = 0 should also be
satisfied. This analysis shows that the quadratic theory we studied above is a template for all f(R)
theories: as far as their particle content and vacua are considered, these theories boil down to the
quadratic theory that we discussed above. So, given the explicit form of the Lagrangian, one can
work out the constraints coming from the bulk and boundary unitarity.
Using the equivalence of f(R) gravity and the scalar-tensor theory [28], f(R) extended TMG
can be mapped to a scalar-matter coupled TMG with a modified Newton’s constant. The action
(13) can be written up to certain field redefinitions and boundary terms as
I =
1
16πG
ˆ
d3x
√−g
(
βR− 1
2
∂αω∂
αω − V (ω) + 1
2µ
ηµναΓβµσ
(
∂νΓ
σ
αβ +
2
3
ΓσνλΓ
λ
αβ
)
, (35)
where the potential V (ω) is given by
V (ω) = e
− 3ω
2
√
β
(
2σΛ0 +
1
4α
(βe
ω
2
√
β − σ)2
)
, (36)
9and β is a positive constant modifying the Newton’s constant.
Having established the equivalence of our model with TMG coupled to the scalar matter, let us
briefly revisit the Birkhoff theorem for TMG, which was formulated in [29, 30]. It states that the
most general solution of TMG with the topology Σ2 × S is static and locally Einstein trivial, i.e.
the Cotton tensor vanishes for the solution. As discussed in [30], the conclusion does not change
for the scalar matter coupled theory since T uφ = 0 and T
v
φ = 0, where u and v are light-cone
coordinates on Σ2, and T
µ
ν is the stress-energy tensor of the matter coupled theory. From the
equivalence, the theorem is also valid for the f(R)-modified TMG, which this time follows from the
fact that Auφ = 0 and Avφ = 0 where Aµν is the contribution of the f(R)-term to field equations.
Therefore, to get contributions from the Chern-Simons term, one needs to consider the case with
a twist, namely, the Killing vector should not be hypersurface orthogonal [29].
III. MINIMAL MASSIVE GRAVITY AT THE CHIRAL LIMIT
In [31, 32], the chiral limit of MMG was studied but it was not realized that the theory is
well-defined only in the chiral limit once all the unitarity constraints are taken into account. In
this section, we will briefly discuss the analysis for MMG in the metric-formulation and prove this
result.
The source-free field equations of MMG are given as [21]
σGµν + Λ0 gµν +
1
µ
Cµν +
γ
µ2
Jµν = 0 , (37)
where the Jµν tensor given in (12) explicitly reads
Jµν = G
ρ
µGρν −
1
2
gµνGρσG
ρσ +
1
4
GµνR+
1
16
gµνR
2, (38)
which is not covariant divergence-free but the field equations are nevertheless consistent on-shell.
We now take a different approach than [21] and study the properties of the theory starting from
its metric field equations (37). Linearizing the field equations around one of its two vacua yields
(
σ − γΛ
2µ2
)
GLµν +
1
µ
CLµν = 0, (39)
which is nothing but the linearized TMG with a modified Newton’s constant. Hence, just like TMG,
the theory has a simple massive bulk parity-non invariant spin-2 graviton with a mass-squared
m2g = µ
2
(
σ − γΛ
2µ2
)2
+ Λ. (40)
For the computation of the central charges, we use the method of [33], where the central charges
are obtained as conserved charges corresponding to the asymptotic Killing vectors where the lin-
earized equations and the assumption of Brown-Henneaux boundary conditions are enough for the
computation. It suggests that the the left and right central charges of the boundary CFT are
cL =
3ℓ
2G3
(
σ +
γ
2µ2ℓ2
− 1
µℓ
)
, cR =
3ℓ
2G3
(
σ +
γ
2µ2ℓ2
+
1
µℓ
)
. (41)
The above discussion shows that the ensuing discussion will not be different from that of TMG,
but for the sake of completeness, let us give a little more detail on the energies of the excitations
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following [4]. For this purpose one needs to find the O(h2) action yielding the linearized field
equations (37), which up to a boundary term reads as
I =
1
64πG
ˆ
d3x
√−g¯(− (σ + γ
2µ2ℓ2
)∇¯ρhµν∇¯ρhµν +
2(σ + γ2µ2ℓ2 )
ℓ2
hµνhµν
− 1
µ
∇¯ρhµνηµ ρλ(¯+ 2
ℓ2
)hλν
)
.
(42)
The conjugate momenta for the field hµν are
Π(1)µν = −
√−g¯
64πG
(
∇¯0(2(σ + γ
2µ2ℓ2
)hµν +
1
µ
ηµρ λ∇¯ρhλν)− 1
µ
ηρ
0µ(¯+
2
ℓ2
)hρν
)
, (43)
which, upon use of the field equations, yield 3 individual conjugate momenta for the corresponding
degrees of freedom as
Π
(1)µν
M =
√−g¯
64πG
(
− (σ + γ
2µ2ℓ2
)∇¯0hµν + 1
µ
(µ2 − 1
ℓ2
)ηρ
0µh
ρν
M
)
,
Π
(1)µν
L = −
√−g¯
64πG
(
2(σ +
γ
2µ2ℓ2
)− 1
µℓ
)
∇¯0hµνL ,
Π
(1)µν
R = −
√−g¯
64πG
(
2(σ +
γ
2µ2ℓ2
) +
1
µℓ
)
∇¯0hµνR ,
(44)
where we define the right/left moving and the massive modes through the first order equations as(
DL/RhL/R
)
µν
= hL/Rµν ± ℓηµαβ∇αhL/Rβν ,(
DMhM
)
µν
= hMµν −
1
µ
(
σ + γ2µ2ℓ2
)ηµαβ∇αhMβν (45)
Since we are dealing with a third order field theory, we need to employ the well-known Ostrogradsky
procedure and introduce another canonical coordinate in the phase space, which is the "time-
derivative" of the spin-2 field defined as Kµν ≡ ∇¯0hµν . The conjugate momenta of these new
coordinates read as
Π(2)µν =
−√−g¯g¯00
64πGµ
ηρ
λµ∇¯λhρν , (46)
which once again split into 3 parts as
Π
(2)µν
M =
−√−g¯g¯00
64πG
(
σ +
γ
2µ2ℓ2
)
h
µν
M , Π
(2)µν
R =
√−g¯g¯00
64πGµℓ
h
µν
L , Π
(2)µν
L =
−√−g¯g¯00
64πGµℓ
h
µν
R . (47)
Finally we have all the ingredients to write down the Ostrogradsky Hamiltonian
H ≡
ˆ
d2x
(
h˙µνΠ
(1)µν + K˙iµΠ
(2)iµ − L
)
, (48)
from which follow the energies of the excitations for the left and right modes as ( note that the
Lagrangian vanishes on-shell)
EL/R = −
cL/R
48πℓ
ˆ
d2x
√−g¯ ∇¯0hµνL/R ∂thL/Rµν , (49)
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while for the massive mode, the energy reads
Em2g =
m2g
64πµG
ˆ
d2x
√−g¯ ηρ 0µhρνmg ∂thmgµν . (50)
The solutions of the linearized equations can be classified using the representations of the algebra
SL(2, R) × SL(2, R). As in the case of TMG, the solutions for the left/right moving modes
correspond the weights (2, 0) and (0, 2) (see [4] for the explicit form of the solutions). The weights
for the massive mode are modified as
h =
3
2
+
(
σ +
γ
2µ2ℓ2
)
µℓ
2
, h¯ = −1
2
+
(
σ +
γ
2µ2ℓ2
)
µℓ
2
, (51)
where the terms in parentheses should be positive for the positivity of the energy of the BTZ black
hole, which is given by
EBTZ =
(
σ +
γ
2µ2ℓ2
)
M, (52)
up to a multiplicative constant. Using the explicit form of the solutions, one can show that the
integrals in the energy expressions (49-50) are negative. Here let us depict the results for the
primary fields only. For the left and right modes one obtains a simple expression
EL/R =
cL/R
36ℓ
. (53)
For the massive mode the result of the integral yields
Em2g =
m2gℓ
64µG
f(x). (54)
where x is a dimensionless parameter defined as
x ≡
(
σ +
γ
2µ2ℓ2
)
µℓ
2
, (55)
and
f(x) =
24x+5(2x+ 1)
3 + 2x
(
− (3 + 2x)
2(x+ 1)
2F1[2(x+ 1), 4x + 5; 2x+ 3;−1] (56)
+ 2F1[2x+ 3, 4x+ 5; 2(x + 2);−1]
)
where the 2F1 functions are the hypergeometric functions. The crucial point here is that for the
physical regions x ∈ [0,∞) the function f(x) is monotonically decreasing and takes the values as
f(x) ∈ [−1,−2) which yields a negative energy for the massive mode for generic m2g. One obtains a
similar result for the descendants. Therefore, our computation implies that the bulk and boundary
unitarity coexist only in the chiral limit, where m2g = 0 and cL = 0. The drawback is that the
perturbative log-modes arise at this point again.
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IV. EXACT LOG-MODES
As mentioned before, at the chiral point, there appear also exact log-modes. In order to study
them, let us consider the following ansatz
ds2 =
ℓ2
z2
(dudv + dz2) + F (u, z)du2. (57)
Taking the trace of the field equations (37) gives a relation between the two parameters as
4ℓ2Λ0 +
γ
ℓ2µ2
+ 4σ = 0, (58)
but the traceless part yields a third order differential equation [34]
p ∂3zF (u, z) − ∂z
(
∂zF (u, z)
z
)
= 0, (59)
where we have defined
p ≡ 2ℓµ
γ + 2ℓ2µ2σ
=
cR − cL
cR + cL
. (60)
As long as p 6= ±1, the generic solution is
F (u, z) =
z
1+ 1
p
1 + 1p
c1 + c2z
2 + c3. (61)
On the other hand, for p = ±1, the structure of the equation changes completely and one has the
following solutions
F (u, z) = f(u) log z, for p = 1 (cL = 0), (62)
and
F (u, z) = f(u)z2 log z, for p = −1 (cR = 0), (63)
where f(u) is a generic undetermined profile function of the null coordinate u. One can transform
this solution to the global AdS coordinates using the transformations given in [35], but the resulting
metric is highly complicated. Note also that these are the wave solutions of the MMG. Inserting
these exact log-modes into the field equations of both TMG and NMG reveals that they are the
solutions of these theories too, which has not been noticed in the literature before.
V. CONCLUSIONS
To summarize the current situation regarding the bulk-boundary unitarity clash of 3D gravity
theories, we note that the only known theory free of this clash is the cosmological Einstein’s theory,
which is locally trivial. On the other hand, when one has local non-trivial bulk dynamics, as in the
case of extended TMG, NMG, MMG, Born-Infeld gravity etc., then a clash of bulk and boundary
unitarity arises. We should note that our conclusion regarding MMG is only about its metric-
formulation, where we integrated the linearized metric equations (39) to arrive at the linearized
action (42), and it could be possible that MMG still survives in the first order formulation. 1
1 We thank Eric Bergshoeff and Paul Townsend for this point.
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Our results also have implications for possible MMG-like theories in higher dimensions. As noted
in [36], it might be possible to construct theories in higher dimensions whose field equations are
consistent on-shell. However, it is not clear to us whether a non-geometric action as in the case of
MMG is guaranteed to exist or not. Therefore, there might be an ambiguity in probing the physical
properties of such theories because our results contradict with the result obtained by making use
of the non-geometric action of the theory.
Since bartering triviality with non-unitarity is not a good deal, one might worry if the current
situation is an impasse and there simply does not exist a dynamical theory of gravity which is
unitary both in the bulk and on the boundary even in the simpler setting of 3D. The situation
is actually not that bleak: there is still the possibility that the chiral gravity versions of the
above-mentioned dynamical theories have linearization instability in AdS and the problematic
perturbative log-modes of [5] are not integrable to full solutions: namely, these modes could be
artifacts of the first order perturbation theory. Let us expound on this a little more.
In the case of pure GR, the linearization instability is known to occur for solutions with compact
Cauchy surfaces [8, 9] and spaces with Killing vectors. A similar phenomenon was also observed
in four dimensions in the pure quadratic gravity with the action
I = −1
4
ˆ
d4x
√−g
(
αCµνσρC
µνσρ + βR2
)
. (64)
When αβ ≥ 0, even though this theory admits linearized solutions with negative energy, all exact
solutions possess zero energy (see [37] for the case of scale invariant gravity). Hence, there is a
linearization instability about the flat space. In this theory, higher derivative terms require faster
decaying conditions for the metric and this leads to an effective compactification of the Cauchy
surface.
There have been vigorous attempts [11, 12] to show the existence of the linearization instability
in the chiral TMG. But, there are still some open questions regarding the choices of boundary
conditions: namely, one imposes the Brown-Henneaux type boundary conditions to obtain the lin-
earization instability, but of course ideally one expects that out of all possible boundary conditions
that yield the asymptotically AdS space, Brown-Henneaux conditions (not the weaker logarithmic
ones) are forced to eliminate the log-modes. Moreover, if there is a linearization instability of AdS
in chiral gravity, this does not only cast a question on the perturbative log modes but it also shows
that all the perturbative treatment at the first order is in doubt. In this work, motivated by the
earlier results obtained in the case of 4D pure quadratic gravity, we studied various higher deriva-
tive extensions of TMG: the f(R)-type modifications and MMG, which was previously proposed
as a possible solution to the bulk-boundary unitarity conflict. We showed that, at the linearized
level, these modifications only change the effective Newton’s constant and one ends up with the
same problems that occur in TMG. All these theories should be considered in the chiral limit and
they allow the log-mode solutions with negative energy at the linearized level. However, at the
nonlinear level, these theories are expected to behave differently, as far as the issue of the lineariza-
tion instability is concerned, since they produce different higher-order terms which will constrain
the linear perturbative result differently. Therefore, our results invite a systematic study of these
theories. A detailed account of linearization instability will be given elsewhere [38].
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